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Abstract 

The isomorphism number of an F-crystal (M, ip) over an algebraically closed 
field of positive characteristic is the smallest non-negative integer hm such that 
the riM-th level truncation of (M, <p) determines the isomorphism class of (M, ip). 
When (M, cp) is isoclinic, namely it has a unique Newton slope A, we provide an 
efficiently computable upper bound for tim in terms of A and the Hodge slopes 
of (M, ip) . This is achieved by providing an upper bound for the level torsion of 
(M, if) introduced by Vasiu. We also check that this upper bound is optimal for 
many families of isoclinic i^-crystals that are of special interest (such as isoclinic 
i^-crystals of K3 type). 

Keywords: .F-crystal, isomorphism number, level torsion, Dieudonne module, 
Hodge slope, Newton slope, K3 type 



1. Introduction 

Let p be a prime number and k an algebraically closed field of characteristic 
p. It has been known for many years that the isomorphism class of a p-divisible 
group D over k is determined by a finite truncation D[p n ] of D. The smallest 
integer n with the property that D[p n ] determines D is called the isomorphism 
number of D and denoted by nrj. Only recently, Lau, Nicole and Vasiu Q 
discovered an optimal upper bound for this number in terms of the Hodge 
polygon and the Newton polygon of D. The isomorphism number of an F- 
crystal is the generalization of the isomorphism number of a p-divisible group 
(see Definition 11.11 for the precise definition). In this paper we provide an upper 
bound for the isomorphism number of an arbitrary isoclinic i^-crystal (i.e. those 
having a unique Newton slope) in terms of its Hodge polygon and Newton 
polygon. It not only recovers the optimal upper bound in the isoclinic p-divisible 
groups case, but also provides optimal upper bounds in various other cases. Let 
us describe our results. 
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We fix the prime number p and the ground field k = k throughout this paper. 
Let W — W(k) be the ring of Witt vectors over k and Kq its field of fractions. 
Let a be the Frobenius automorphism of W and Kq. An F-crystal over k is 
a pair (M, ip) where M is a free TU-module of finite rank r and ip is a cr-linear 
injective endomorphism of M. If pM C <p(M), then the F-crystal (M,cp) is 
called a Dieudonne module over fc. For the rest of this paper, all F-crystals, 
Dieudonne modules and p-divisible groups are over k unless otherwise stated. 
For n = 1,2, . . ., let W n := W/(p n ) be the ring of Witt vectors of length n 
with coefficients in k. The Hodge slopes ei, e2, . . . , e r of an F-crystal (M, ip) are 
the non-negative integers such that M/ip(M) = 0^ =1 W ei as W-modules. By 
rcindcxing, we can assume that e\ < ei < ■ ■ ■ < e r . The i-th Hodge number 
of (M, ip) is hi := #{j | ej = i}. Dieudonne 0, Theorems 1, 2] and Manin 
[7, Chapter 2, Section 4]'s classification of F-isocrystals implies that there is 
a direct sum decomposition (M ®w K ,ip) = Ag q > £'™ a , where each E\ is 
the simple F-isocrystal with all Newton slopes equal to A and the multiplicity 
m\ 6 Z>o is uniquely determined and is zero for all but finitely many A. An 
F-crystal (M,ip) is called isoclinic if (M ®w Ko,<fi) is isomorphic to F™ A for 
some A € Q>o- Let GL(Af) be the group of 1/F-linear automorphism of M . 

Definition 1.1. The isomorphism number tim of an F-crystal [M, ip) over k 
is the smallest non-negative integer such that for every g G GL(M) with the 
property that g = 1 mod p nu , the F-crystal (M,gip) is isomorphic to (M,ip). 

By classical Dieudonne theory, the category of p-divisible groups over k is 
anti-equivalent to the category of Dieudonne modules over fc; see Chapter 
3]. Under this correspondence, the isomorphism number of a p-divisible group 
is equal to the isomorphism number of the corresponding Dieudonne module; 
see [131 . Corollary 3.2.2]. On the other hand, the isomorphism number um 
of an F-crystal (M, p) is the smallest non-negative integer such that the F- 
truncation mod p nu of (M,p) determines the isomorphism class of (M, <p); see 



131 . Section 3.2.9] for the definition of F-truncation and 15, Section 3.3] for the 
proof. The last two sentences imply that Definition 11.11 is the right definition 
for the isomorphism numbers of F-crystals which generalizes the isomorphism 
numbers of p-divisible groups. Early works of Manin [7J, Theorems 3.4 and 3.5] 
imply that no exists for any Dieudonne module. Recently, Vasiu showed that 
tim exists in general; see [13j, Main Theorem A] . 

Let c and d be the codimension and dimension^ of a p-divisible group D 
respectively. Traverso proved that ud < cd + 1 [ill Theorem 3] and later 
conjectured that no < min{c, d} [13, Section 40, Conjecture 4]. Since then, 
the conjecture has been verified in various cases, for example, in the cases of 
supersingular p-divisible groups 0, Theorem 1.2] and quasi-special p-divisible 
groups [3, Theorem 1.5.2]. Only recently, Lau, Nicole and Vasiu 0, Theorem 
1.4] found an optimal upper bound no < [2cd/(c + d)\ which proves a corrected 
version of Traverso's conjecture. In the search for optimal upper bounds for no, 
the following play important roles: 

• Classical Dieudonne theory of p-divisible groups over k. This allows us to 
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use tools on the geometric side as well as the algebraic side. 



• Deformation theory of p-divisible groups over general schemes. Let (M, ip) 
be a Dieudonne module over k. One useful result in deformation theory 
allows us to assume that the dimension of M/(tp(M) + <p~ l (pM)) as a 
A:- vector space is 1; see Proposition 2.8]. With this assumption, every 
Dieudonne module over k has a 14^-basis that is well-suited to computa- 
tions. 

• The study of the level torsion (see Subsection 12.21 for the definition) of 



Dieudonne modules [14j . The main result of loc. cit. provides a com- 



putable upper bound for the isomorphism numbers; see Theorem 12.31 

Unfortunately, to find optimal upper bounds for um for more general F- 
crystals, we do not have as many tools as we have in the case of p-divisible 
groups. For instance, there is no general way to deform F-crystals. However, 
the level torsion of an F-crystal is well-defined and has been studied in [1J|. In 
this paper we will use the level torsion to provide a good upper bound for the 
isomorphism number of isoclinic F-crystals. 

Theorem 1.2. Let (M, ip) be an isoclinic F-crystal over k with Hodge numbers 
h\,h2,--- and unique Newton slope A. If the smallest and the largest Hodge 
slopes of (M,ip) are and e respectively, then the isomorphism number um of 
(M, tp) satisfies the following inequality: 



By Remark |2.2[ every F-crystal can be rescaled so that its smallest Hodge 
slope is equal to zero without changing its isomorphism number, thus the as- 
sumption that the smallest Hodge slope is equal to zero in Theorem 11.21 is not 
restrictive. We mention that, even though Theorem 11.21 recovers the optimal 
upper bound in the isoclinic p-divisible groups case as found by Lau, Nicole and 
Vasiu (see Corollarv l3.5l) . it does not assert that the upper bound is indeed op- 
timal. It is possible to improve Theorem 1 1.2 1 in some cases; see Examplc l3.7l By 
using Theorem II. 2 [ we can compute optimal upper bounds for the isomorphism 
numbers in a few special cases, as we now describe. 

An F-crystal of rank r is called of K3 type if its Hodge numbers are ho = 1, 
hi = r — 2, fi2 = 1 and hi = for all i > 2. An F-crystal of K3 type with 
r = 21 relates to the second crystalline cohomology group of K3 surfaces over 
k, thanks to a theorem of Mazur [8J, Theorem 2]. 

Theorem 1.3. Let (M,p) be a direct sum of F-crystals of K3 type. Then 
um < 2. Moreover, 

(i) if (M, <p) is a direct sum of non-isoclinic F-crystals of K3 type, then um = 



(ii) if (M,ip) is a direct sum of isoclinic F-crystals of K3 type, then um = 2; 





(1) 
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(iii) if (M,tp) is a mixed direct sum of non-isoclinic and isoclinic F -crystals of 
K3 type, then tim = 2. 



We prove Theorem 11.31 in Section 14.11 Its proof uses Theorem 11.21 in the 
isoclinic case and the Newton-Hodge decomposition theorem 0, Theorem 1.6.1] 
in the non-isoclinic case. 

Theorem 1.4. Let (M,ip) be an F -crystal of rank 2 with Hodge slopes and 
e > 0. Let Ai be the smallest Newton slope of (M,cp). Then we have 

(i) if (M, ip) is a direct sum of two F-crystals of rank 1, then um = 1; 

(ii) if (M, ip) is not a direct sum of two F-crystals of rank 1 and is isoclinic, 
then um — e; 

(iii) if (M, if) is not a direct sum of two F-crystals of rank 1 and is non- 
isoclinic, then um < 2Ai. 

We prove Theorem 11.41 in Section 14.21 Part (i) is an easy consequence of 
Corollary 12.111 We use Theorem 11.21 to prove part (ii). For part (iii), as the 
rank 2 is small, we estimate the level torsion by brute force and thus get an 
upper bound for the isomorphism number. 

Following [lj, Definition 1.5.1], we make the following definitions. 

Definition 1.5. An F-crystal (M, ip) of rank r is called an isoclinic quasi- 
special F -crystal if ip r (M) = p s M for some integer s. If (M, ip) is a direct sum 
of isoclinic quasi-special F-crystals, then it is called a quasi-special F -crystal. 

In fact, the integer s must be the sum of all Hodge slopes of (M, <p); see 
Lemma 15.11 Quasi-special F-crystals are the generalization of quasi-special 



Dieudonne modules Jl4, Definition 1.5.1]. Moreover, they generalize special 
Dieudonne modules 0, Definition 3.2.3]. 

Theorem 1.6. Let {M,ip) be a quasi-special F -crystal. Suppose {M,<p) has 
Hodge slopes e\ < e2 < • • • < e r and set s := e^. The following inequality 

holds: 

tim ^ min{s,re r — s}. 

We note that Theorem 11.61 is not always optimal; see Example 15.31 and Re- 
mark 15.41 
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2. Preliminaries 



2.1. Notations 

A latticed F -isocrystal over k is a pair (M, (/?), where M is a free W- module 
of finite rank r and ip is a cr- linear automorphism of M ®iy i^o- For the sake 
of simplicity, we denote M ®w K by M[l/p] for the rest of this paper. Recall 
that if (fi(M) C M, then (M, <p) is called an F-crystal over k. Moreover, if 
pM C <p(M), then (M, <p) is called a Dieudonne module over k. 

Let (Mi,<^i) and {M2,f2) be two latticed F-isocrystals. The set of all 
T^-linear homomorphisms from M\ to M2 is a free W- module, denoted by 
Hom(Mi, M2). Let ip\2 be the cr-linear automorphism of Hom(Mi [1/p], M 2 [l/p]) 
defined by the following rule: for any / 6 Hom(Mi[l/p], M 2 [l/p]), let 

¥>ia(/) -pjo/o^ 1 6Hbm(Mi[l/p],Af a [l/p]). 

As Hom(Mi,M 2 )[l/p] = Hom(Mi[l/p],M 2 [l/p]) as i4T -vector spaces, the pair 
(Hom(Mi, M 2 ), (^12) is a latticed F-isocrystal. If (Mi, (pi) = (M2,<p2), then 
(Hom(Mi,M 2 ), V12) is denoted by (End(Mi), ^1). If (M 2 ,^ 2 ) = (W,fr), then 
(Hom(Mi, M 2 ), ^12) is denoted by (M*,ipi) and called the dual of (Mi^i). 
The isomorphism number of a latticed i^-isocrystal can be defined in the same 
way as the isomorphism number of an F-crystal. Moreover, the isomorphism 



number of a latticed F-isocrystal is invariant under duality. See [1J, Fact 4.2.1] 
for a proof in the Dieudonne module case, which is easily adapted to the latticed 
-F-isocrystal case. 

Lemma 2.1. Let (M,ip) be a latticed F-isocrystal over k and let Um be its 
isomorphism number. For all m G Z, the isomorphism number of the latticed 
F-isocrystal (M,p m tp) is also nu- 

Proof. The proof is straightforward. For details, see [HI, Proposition 3.4]. □ 

Remark 2.2. By Lemma [2.11 we can assume that the smallest Hodge slope 
of an ^-crystal (M, ip) is zero without changing its isomorphism number by 
multiplying an appropriate power of p to ip. 

2.2. The level torsion 



We now recall the definition of the level torsion from |l4j . It is the main tool 
to find good upper bounds for the isomorphism number of latticed F-isocrystals. 

Let (M,ip) be a latticed F- isocrystal. By using Dieudonne [2j, Theorems 1, 
2] and Manin's 0, Chapter 2, Section 4] classification of F-isocrystals, we obtain 
a direct sum decomposition 

End(M[l/p]) = L+ ©L ©L_ 
into -ftTo-vector spaces, where 

L+= Hom(E\ 1 , E\ 2 ), L o = 0End(£ A ), L_ = @ Hom(S Aa , E Xl ). 

Ai<A2 A Ai <A2 
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Define 

oo oo 

°+ = f] <^( End ( M ) n L +)i °- = D ^(Enc^M) n L_), 

i=0 i=0 
oo oo 

Oo = P) <^- l (End(M) n L ) = P| <//(End(M) n L )- 

i=0 i=0 

For * G {+, 0, — }, each O* is a lattice of L*. We have the following relations: 

</?(0+)cO+, <p(O ) = O = ^ 1 (Oo), ^(O-)cO-. 

Write O := O+©O ffiO_; it is a lattice of End(M) [l/p] sitting inside End(M). 
The level torsion £m of (A/, (p) is defined by the following two disjoint rules: 

(i) if O = End(M) and the ideal generated by O+ © 0_ is not topologically 
nilpotent, then the level torsion Im '■= 1; 

(ii) in all other cases, the level torsion £m is the smallest non- negative integer 
such that p lM End(M) C O. 

Vasiu proved the following important theorem: 

Theorem 2.3. Let (M,ip) be a latticed F-isocrystal. Then nyi < £m- More- 
over, if (M, ip) is a direct sum of isoclinic latticed F-isocrystals, then tim = 

Proof. See [3, Main Theorem A]. □ 

2.2.1. Computing the level torsion of isoclinic F-crystals 

Let (M,(p) be a latticed F-isocrystal. Following [3, Definitions 4.1], we 
introduce the following definitions. For q G Z >0 , let ctM{q) G Z be the largest 
number such that tp q (M) C p au ^ q 'M and let /3m (q) € Z be the smallest number 
such that p£«(*)M C <p q (M); set 5 M (g) := /3 M (g) - a M {q) > 0. We note that 
if (M, y>) is an F-crystal, then cxm(<i), /?m(q) > 0. It is not hard to prove that if 
(M, <f) is isoclinic with Newton slope A, then 

a M {q) <q\< /3 M (q),y q = l,2,.... (2) 

Moreover we have 

a Af(<?) = <?A if and only if /3m (q) = ?A. (3) 



See 14|, Lemma 4.2.3] for a proof of © and Q in the Dieudonne module case. 

Proposition 2.4. Lei (M, ip) be an isoclinic latticed F-isocrystal. Then £m — 
max{S M {q) | q G Z >0 }. 



Proof. This proposition is a generalization of 14j, Proposition 4.3(a)] and is 
proved in a similar way. For details, see 15|, Propositon 3.18]. □ 
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2.2.2. Computing the level torsion of a direct sum of isoclinic F-crystals 

In this subsection, the latticed -F-isocrystal (M,(p) = © ie /(Mj,y>i) will al- 
ways be a finite direct sum of isoclinic latticed -F-isocrystals (Mi, ipi) with New- 
ton slopes A;. For i € I, let Bi be a VF-basis of Mi and B* be the corresponding 
dual basis of M* . Then 

B t ® B* := {x®y* | x G B h y* 6 B*} 

is a W^-basis of Mi ® Af* = Hom(M i ,M i ). For each pair e I x I with 

Aj < Aj, define i) G Z>o to be the smallest integer such that for all q G Z>o 
and all x®y* G B i ®B* j , we have p t ^^ip q (x® y*) G Hom(Mf,M;). We observe 
that £(i,i) = f^. It is not hard to see that 

4 := max{£(j, i) | (j, i) e I x I, Aj < A;} 

is the smallest non-negative integer ^ such that End(M) C O. In most cases, 
we have Iq = £m except when O = End(M) and + 0_ is not topologically 
nilpotent, we have £m = 1 and £q = 0. Therefore, we define an integer em G 
{0, 1} by the following two rules to fix this problem: 

(i) if O = End(M) and 0+ © 0_ is not topologically nilpotent, then em '■= 1; 

(ii) in all other cases, define cm '■= 0. 

Proposition 2.5. Let (M, <p) and cm be as above, we have the following formula 
£ M = max{e M , \ G J x I, Aj < A^}. 



Proof. See [lj, Scholium 3.5.1]. □ 

In general, it is easy to compute e&f. If j = h then £(j,i) = ^m 4 can be 
computed by Proposition 12.41 If j ^ i, then we use the next proposition to 
compute £(j, i). 

Proposition 2.6. Let (M,(p) = Q) ieI {Mi,(pi) be a direct sum of two or more 
isoclinic latticed F-isocrystals. For (j,i) £ I X I, j ^= i, and Aj < \, we have 

£(j, i) = max{0, f} Mj (<?) - ct Mi (?) | q G Z >0 }. 

Proof. This proposition is a generalization of [Til Proposition 4.4], and can be 
proved in a similar way. For details, see [HI, Proposition 3.21]. □ 

The next proposition uses the previous two propositions to estimate the 
isomorphism number of a direct sum of isoclinic latticed F-isocrystals. 

Proposition 2.7. Let (M,ip) = Q) ieI (Mi, ipi) be a direct sum of two or more 
isoclinic latticed F-isocrystals. Then we have the following inequality: 

n M < max{l, n Mi , n Mi + n Mj - 1 | i,j G I,i ^ j}. 
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Proof. This proposition is a generalization of lj, Proposition 1.4.3]. 

As (M, <p) is a direct sum of isoclinic latticed F-isocrystals, we have Um = 
and riMi — ^au for all i £ I by Theorem 12.31 Hence it suffices to prove the 
proposition with all n replaced by I. As em < 1, it suffices to show that 
£(j,i) < max{0, £M t + ^m, — 1} if j ^ i and Xj < A, by Proposition 12.51 By 
Proposition 12.61 it suffices to prove that for all q > we have 



Pm, (q) - a Mi (q) < max{0, i Mi + hi, - 1 } . (4) 

As 

otMj (q) < q^j < qK < /3m 4 (q) (5) 

and 5 Mi (q) < f-Mi , we have 

Pm, (q) - a Mt (q) = S Mj (q) + a Mj (?) + hu (q) - Pm, (?) 

< £m 3 + i Mi + (a Mj (q) - fa, (q)) 
<l Mj +lM r 

In the case that the equality holds, necessarily o?Mj (<z) — hiiiq) — 0, whence 
otMj (q) = q^ 3 = qh = Pm, (q) by ©. In particular, we have a Mj (q) = [hi, (?) = 
q\j as well as a.Mi{q) — Phiiiq) = qXi by ([3]). Therefore tM t = = Im, and 
PMj - ct Mi = max{0, £m z + £m 3 - 1 }, which proves (g]). □ 

2.3. Isoclinic ordinary F -crystals 

Definition 2.8. An F-crystal is called isoclinic ordinary if its Hodge polygon 
is a straight line. 

By Mazur's theorem 0, Page 662, Lemma], if the Hodge polygon is a straight 
line, then the Newton polygon, lying on or above the Hodge polygon with the 
same endpoints, is also a straight line. Thus isoclinic ordinary F-crystals are 
indeed isoclinic. 

Proposition 2.9. An F '-crystal (M, if) is isoclinic ordinary if and only if um — 
0. 

Lemma 2.10. Let (M, <p) be an F -crystal of rank r such that <p{M) = M . Then 
there is a W -basis {vi, V2, • ■ • , v r } of M such that ip(vi) = Vi for i = 1, 2, . . . , r. 

Proof. The lemma is an easy consequence of 0, A. 1.2. 6]. Using the same nota- 
tion as 3], as E = k is algebraically closed, we know that £ nr = 6 nt = £ = Kq, 
whence the ring of integers Og = Og = W. The Galois group Ge = Gk is 
trivial as k is algebraically closed. Let Mq :— {x £ M \ <p(x) = x} be the 
Zp-submodule of M that contains all the elements fixed by ip. Applying the 
compositon of functors DgV^ to (M, ip), we get that 

B £ V S (M) = I> e {(W® w M) v=1 ) = D £ (M ) = W ® Zp M . 

Wc know that M = D £ V £ (M) by 0, A.l.2.6], and thus M = W ® Zp M Q . So 
choosing a Z p -basis of Mq gives the desired result. □ 



8 



Proof of Proposition \2.9l Suppose (M, p>) is isoclinic ordinary, we can assume 
that the Hodge polygon has slope 0, namely (p(M) = M, by Remark [2T2l For 
each g G GL(M), we have gip(M) = M, hence the Hodge polygon of the F- 
crystal (M,gip) is also a straight line of slope 0. By Lemma [2.101 we get that 
(M,gtp) = (M, tp) and thus nu = 0. 

The converse is [3, Lemma 2.3]. □ 

Corollary 2.11. If (M,cp) is a direct sum of two or more isoclinic ordinary 
F -crystals of distinct Hodge slopes, then um = 1. 

Proof. By Proposition [2771 we have njvf < 1. If njvf = 0, then (M, ip) is isoclinic 
ordinary by Proposition 12 .91 which is a contradiction. Therefore um = 1- d 

3. Proof of Theorem [TH] 

Before we prove Theorem II. 2\ we recall a lemma about the interrelation 
between the smallest Newton slope of an F-crystal and the smallest Hodge 
slope of the iterates of the F-crystal. 

Lemma 3.1. Let (M,(p) be an F -crystal, and let A > be a rational number. 
Let ho, hi,... be the Hodge numbers of (M,tp). Then all Newton slopes of 
(M, if) are greater than or equal to A if and only if for all integers n > 0, we 
have a M (n + J2i<\ h i) > \ n ^\ ■ 

Proof. See |4, Section 1.5]. □ 

We set some notations that will be useful in the proof of Theorem 11.21 Let 
(M, (p) be an F-crystal. By definition, we have p e M C <p(M) where e := /?a/(1)- 
Thus ip(M*) C p~ e M*, i.e. p e tp{M*) c M* (Recall that (M*,ip) is the dual of 
(M, ip) and is not an F-crystal if e > 0). Therefore (M',tp') := (M*,p e ip) is an 
F-crystal. 

Remark 3.2. As the isomorphism number of (M, <p) is equal to the isomorphism 
number of (M*,(p), and the isomorphism number of (M*,(p) is equal to the 
isomorphism number of (M*,p e <p) by Remark I2.2[ the isomorphism number of 
(M, ip) is equal to the isomorphism number of (M' , ip'). 

Lemma 3.3. Let (M,<p) be an F-crystal with «m(1) = and e := /3a/(1) > 0. 
Let (M' , p') be as above. If hi and h! i are the Hodge numbers of (M, p) and 
(M',ip') respectively, then for any A S (0, e), we have 

z<e — A z>A 

Proof. Let = e\ < e 2 < • • • < e r — e be the Hodge slopes of (M, p). Then 
there are W-bases {vx, . . . , v r } and {wi, . . . , w r } of M such that ip(vi) = p ei Wi 
for all i = 1, 2, . . . , r. Let {v{ , . . . , v*} and {w*, . . . ,w*} be the corresponding 
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dual T^-basis of M* = M', so <p(v*) — p ei w*. Multiplying by p e , we have 
ip'(v*) = p e ip(v*) — p e ~ ei w* . This means that 

= e — e r < e — e r _i < • • • < e — e\ = e 

are the Hodge slopes of (M', tp'). For j = 1, 2, . . . , r, set e' r _j +1 := e r — ej, i.e. 
ej + e'._ J+1 = e r . If ej > A, then e' r _j +1 — e r — ej < e — A; if e- < e r — A, then 
e r -i+i = e r — e', t > e r — (e r — A) = A. This describes a bijection between the 
sets {ej | > A} and {e\ \ e\ < e — A}, whence the lemma. □ 

Lemma 3.4. Let (M,<p) be an F '-crystal and let (M',ip') be as above. Suppose 
ajif(l) = and set e :— /3m(1)- Then for q = 1, 2, . . . , we have 

0LM{q) + pM-{q) = qe = a M '(q) + Pu(q)- 

Proof. By the definitions of otM^q) an d Pni{q)i we have 
p Pm(m) m c C p aMiq) M, 

and thus 

Multiplying by p qe , we have 

p qe- aM (q) M , c ( p ^)«( M ') c p ie-pM{l) M '^ 

hence 

/3jwr(?) < 9 e ~ «m(?) and a M '(q) > qe - /3 M (q)- (6) 
Again by the definitions of 0CM'{q) and Pm'{q), we have 

p Pm>(i) M ' c 0') 9 ( M ') C p a »>' {q) M', 

and thus 

p-«M'(«)M c (</j') 9 W C p _ ^' (9) M, 

that is 

p -<*m'Wm C p- qe ip q (M) C p-P"' (q) M. 
Multiplying by p ?e , we obtain 

p Qe-a M ,{q) M c ^?( M ') c p «e-/3 M - («) M> 

and hence 

a M (q) >qe- j3 M >{q) and /3m (g) < qe - a M '(q)- (7) 
Lemma 13.41 is now clear by inequalities ([6]) , ([7]) . □ 
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Proof of Theorem [771 If e = 0, then A = and the F-crystal (M, tp) is 
isoclinic ordinary. By Proposition 12 .91 we get Um — 0. In this case, inequality 
([1} is in fact an equality as both sides are equal to 0. Now we can assume that 
e > and thus A < e. 

To ease notation, let l\ = J2i<\ hi and l 2 — J2i>\ h%. To prove the inequality 
|T]) , it suffices to prove that 

hi < el 2 + (h - h)X (8) 

by Theorem 12.31 By Proposition 12.41 it suffices to prove that for all q £ Z>o, 

6 M (q)<el 2 + (h-l 2 )\. (9) 

By Lemma |3~T1 we have qm(<z) > \(q — ^i ) A] for all q > l\. I{q<l\, as (M, ip) 
is an F-crystal, we have qm((?) > > \{q — li)X~\ ■ Thus for all q > 0, we have 

a M {q) > \{q-h)X\. 

To find an upper bound for /3m (9), let (M',<p') be the F-crystal (M*,p e p). It 
is isoclinic with Newton slope equal to e — A > 0. If h', t are the Hodge numbers 
of (M',<p'), then by Lemma \3.1l for all q > J2i< e -\ h\i we have 

««'(?) >T(9- E M)(e-A)]. (10) 

i<e— A 

By Lemma 13.31 we have ctM'{q) = qe — (3m (<?)■ By Lemma 13.41 we have 
J2i< e -\ K = h- Therefore inequality (fTU|) becomes qe— /3m(?) > ["(?— h)(e— X)] 
for all q > l 2 . On the other hand, if < q < 1%, as p e M C p(M), we have 
pi e M C ^ 9 (M), which means that qe - /3 M (q) > > \(q - l 2 )(e - A)]. Thus 
for all q > 0, we have 

qe-p M {q) > \(q - l 2 )(e - X)]. 
We are now ready to find an upper bound for /3m (9) • For all 9 > 0, we have 

Mff) < 9 e ~ r(9 - k)( e - A)] = <?e - [(<? - i 2 )e - (q - l 2 )X] 

= qe-(q- l 2 )e + [{q - l 2 )\\ = el 2 + [(q - l 2 )X\ . (11) 

Combining the estimates (fTU)) and (ITT1) . for all q > 0, we have 

M<?) = /3m0?) - <*m(?) < el 2 + [(q - l 2 )X\ - \{q - h)X] 
< el 2 + (q- l 2 )X -(q- h)X = el 2 + (h - h)X. 

Thus, inequality © holds and the proof of the theorem is complete. □ 

Corollary 3.5. Let (M, p) be the Dieudonne module corresponding to an iso- 
clinic p- divisible group D with dimension d and codimension c, then the following 
inequality holds tim < [2cd/ (c + d)\ . 



11 



Proof. Since D is isoclinic, the Dieudonne module (M, <p) is also isoclinic. The 
Newton slope is A = d/(c + d) and the Hodge numbers are ho = c, hi = d 
and hi = for all i > 1. The Hodge slopes are e\ = ■ • • = e c = and 
e c+ i = ■ • • = e c+ d = 1- By Theorem II. 2 [ we have 

n M <[d + d(c - d) /(c + d)J = |_2cd/(c + d)\ . □ 

Example 3.6. Consider an isoclinic F-crystal (M, ip) of rank r = 2d, d £ Z>o 
with Hodge slopes ei = ii 1 < i < d and ei = e>Oifd + l<i<r. The 
unique Newton slope is equal to e/2. By Theorem 1 1.2 1 the isomorphism number 
is riM < de. In fact, this inequality is optimal in the sense that there exists 
an isoclinic F-crystal (M, ip) with the above rank and Hodge slopes such that 
Um = de; see Proposition 15.81 This type of F-crystal is a generalization of 
supersingular Dieudonne modules, (cf. [9() which correspond to the case e = 1. 

Example 3.7. Let (M, <p) be an isoclinic F-crystal of rank 3 with Hodge slopes 
e\ = 0, €2 = 1, e3 = 5 and Newton slope A = 2. By the analysis of the Hodge 
slopes of the iterates of (M, ip) using elementary row and column operations, it 
can be shown that Um < 6. The details are a bit messy and omitted here. On 
the other hand, by using Theorem II .2\ we get that um < 7. This implies that 
Theorem 11.21 can be improved in some cases and is not optimal in general. 

4. Applications 

4-1- F -crystals of K3 type 

We recall that an F-crystal (M, ip) of rank r G Z>2 is of K3 type if its Hodge 
numbers are ho = l,h% = r — 2, h% = 1 and hi = for all i > 3. By Mazur's 
theorem [H, Page 662, Lemma], it can be shown that there are (r 2 — r + 2)/2 
possible Newton polygons for F-crystals of K3 type. In fact, each possible 
Newton polygon is indeed the Newtonpolygon of some F-crystal of K3 type by 
a theorem of Kottwitz and Rapoport [5j, Theorem A] . If an F-crystal of K3 type 
is isoclinic, then all of its Newton slopes are equal to 1. If it is non- isoclinic, 
then the Newton slopes could be in one of the following two disjoint cases: 

(a) n/(ri + 1), 1, and (r 2 + 2)/(r 2 + 1) if n and r 2 satisfy r\,r 2 > and 
< n + Ti < r — 2, or 

(b) n/(n + 1) and (r 2 + 2)/(r 2 + 1) if n,r 2 > and n + r 2 = r - 2. 

Proposition 4.1. If (M, <p) is a non-isoclinic F-crystal of K3 type, then tim = 
1. 

Proof. By @, Section 1.6], we have a direct sum decomposition 

(M, p) = (M u <pi) © (Af a , p>2) © (Af 3) <pa), 

where 
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• (Mi, tpi) has Hodge numbers ho = 1, h\ = r\, hi = for all i G Z> 2 and 
Newton slope r\/{r\ + 1). By 0, Page 92, Proposition], the W-module 
Mi has a W-basis Si = {aci, . . . ,x ri +i} such that 



<pi(xi) =pxi+i, Vi = 1,2, ...,n; 



V?i(x,. 1+ i) = ati. 



• (M 2 , </5 2 ) has Hodge numbers hi — r — n — r 2 — 2, /i, = for i = 0, 2, 3, 

and Newton slope 1. Hence ip2 (Ms) = pM 2 . Applying Lemma [2.101 to 
(M 2 ,p"V2), we get a W-basis £? 2 = {yi, . . . , t/ r _ n _ r2 _2} of M 2 such 
that p _1 y 2 (j/i) = i/i, and thus 



• (M 3 ,(^ 3 ) has Hodge numbers fri = r 2 ,/i 2 = 1, hi = for i = 0, 3, 4. . . 
and Newton slope (r 2 + 2)/(r 2 + 1). Applying 0, Page 92, Proposition] 
to (M 3 ,p _1 (/3 3 ) whose Newton slope is l/(r 2 + 1), we get a W-basis _B 3 = 
{zi, . . . , z 7 - 2+ i} of M 3 such that 



We first calculate £m for (M, y>) in Case (a) where M 2 7^ 0. The Case (b) where 
Af 2 = will be handled later. 

We use Proposition ^. 5l to compute £ m ■ First we compute Im x , ^m 2 1 an d £m 3 ■ 
Since 5m 1 (q) = 1 f° r ah 9 6 Z>i\{n(ri + 1) | n g Z >0 } and <5mi(«(^i + 1)) = 
for all n g Z>o, we know that £mi = 1 by Proposition ^. 41 By the same token, 
we have £m 3 — 1. Since <p\{M) = p q M for all q g Z>o, we know that £m 2 = 
by Proposition ^. 41 

Next, we compute £(1,2), £(2,3), and £(1,3). For Xi € B\ and yj g i? 2 , we 
have 



<P2(z/i) =py l , V i = 1, 2, . . . ,r - n - r 2 . 



fs(zi) =pzi+i, Vi= 1,2, ...,r 2 ; 




Hence £(1,2) 



0. For yj g B2 and zi £ B3, we have 




Hence £(2, 3) 



0. For Xi g Bi and Zi g -B 3 , we have 



<y9(z/ (g Xj) 



z/ + i (g) if 1 < i < ri, 1 < i < r% 

pzi (g) if 1 < i < n , I = r 2 + 1 

pzi + i ®x* if i = r\ + 1, 1 < / < r 2 

p 2 zi®x* if i = n + 1, / = r 2 + 1. 



Hence £(1, 3) = 0. By Proposition 12. 51 we have 



£ M -max{e M ,£M 1 ,£M 2 ,£M 3 ^(l,2),£(2,3),£(l,3)}= 1. 
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In Case (b) where M 2 = 0, we have £m = maxjejif, Im x , £m 3 , ^(1, 3)} = 1. 
Thus in both Case (a) and Case (b), we have £m = 1. 

By Theorem 12.31 we have um < £m — 1. On the other hand, the F-crystal 
(M, </j) is not an ordinary F-crystal and thus tim ^ by Proposition ^. 91 Hence 
n M = 1. □ 

Corollary 4.2. Le£ (M, y>) 6e a direct sum of two or more non-isoclinic F- 
crystals of K3 type, then Um = 1 • 

Proof. By Propositions 12.71 and 14.11 we have Um < 1. As (M, ip) is not isoclinic 
ordinary, we have Um ^ 0. Hence um = 1. □ 

Proposition 4.3. Let (M,tp) be an isoclinic F -crystal of K3 type. Then tim = 
2. 

Proof. The unique Newton slope of (M, (p) is 1. The largest Hodge slope is 2 
and J2i<i^i = ^2i>i^i = 1- By Theorem 11.21 we have n M < 2. As £ M > 
^m(I) = e r — e! = 2 by Proposition 12.41 we conclude that um = %m = 2. □ 

Corollary 4.4. Let [M, ip) be a direct sum of two or more isoclinic F-crystals 
of K3 type, then um = 2. 

Proof. Let (M, <p) = © ie j(-Mj, ipi) be a finite direct sum of two or more isoclinic 
F-crystals of K3 type. The Newton slopes of (Mj,y>j) are 1 for all i £ L. Hence 
(M,<p) is again isoclinic (but not of K3 type). Thus we can use Proposition ^. 51 
to compute £m- For each i G /, we know that n,M ( = £m { — 2 by Proposition ^. 31 
To calculate £(j,i), we use Proposition 12.61 By Lemma 137X1 we have aMi(q) > 
q - 1 for q = 1, 2, . . . and for all i £ L. Let (Mj, be the F-crystal (M*,p 2 ipj) 
for all j G /. By Lemma 1374} we have /3m, (q) = 2g — czm'. (?)■ Applying Lemma 
13.11 to (Mj,<p'j), we have oiM'.{q) > q — 1. We conclude that Pm } (q) < 9 + 1- 
Hence /3 m.,- (9) — Qa/; (?) < (9 + 1) — (q — 1) < 2 for all 9 G Z >0 and i, j G /. By 
Proposition 12.61 we have 

*) = max{0, Mj (q) - a Mi (q) | q G Z >0 } < 2. (12) 

Since cm < 1 and = 2, inequality (fT2j) and Proposition ^. 51 imply that 

l M = max{e A f,4f,,^J,«) K j G 1} = max{l A f, | i G J} = 2. 

By Theorem 12.31 we have um = %m = 2- □ 

Proof of Theorem \1.3\ Suppose (M,ip) = ® ieI {Mi,ipi) is a mixed direct 
sum of isoclinic and non-isoclinic .F-crystals of K3 type. Let (M; so , tpi so ) be the 
direct sum of all isoclinic ones. By Corollary 14.41 we know that riM io = 2. 
Every non-isoclinic F-crystal of K3 type can be decomposed into three isoclinic 
F-crystals (not of K3 type) whose isomorphism numbers are less than or equal 
to 1; see proof of Proposition ^. II By Proposition 12 .71 we have um < 2. 

Parts (i) and (ii) have been proved by Corollaries 14.21 and 14.41 respectively. 
For Part (hi), if (Mi,(pi) is isoclinic and a direct summand of (M,tp), then 
nM = C-m > (-Mi = fiMt = 2 by Theorem 12.31 and Proposition 12.51 As tim < 2 
in general, we have um = 2 in this case. □ 
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The isogeny cutoff 6m of an F-crystal (M, ip) is the smallest non-negative 
integer such that for every g 6 GL(Af) with g = 1 mod p bM , the F-crystal 
(M, gip) has the same Newton polygon as (AI, ip). As bj\f < «jk, it is also finite. 

Proposition 4.5. Let (M,ip) be an F -crystal of K3 type. Then &m = 1- 

Proof. If (M, y>) is a non-isoclinic F-crystal of K3 type, we have proved that 
tim < 1 and hence 6 m < r»ju < 1. If (M,ip) is an isoclinic F-crystal of K3 
type, then for any g S GL(M) with the property that g = 1 mod p, we have 
M/tp(M) = M/gip(M) as PF-modules and thus (M,gip) and (M, <£>) have the 
same Hodge slopes, whence (M, gip) is also an F-crystal of K3 type. If (M, gip) 
is not isoclinic, then it is one of those non-isoclinic F-crystals of K3 type with 
isogeny cutoff less than or equal to 1. From this and the fact that g^ 1 = 1 
mod p, we know that (M, ip) is non-isoclinic, which is a contradiction. Thus 
(M, gip) is isoclinic and necessarily has the same Newton polygon as (M, ip) . 
This implies that 6m < 1 when (M, ip) is isoclinic. 

Next we_ prove that 6m > 0. Let (M, ip) be an isoclinic F-crystal of K3 
type. By Theorem A], we know that there exists g 6 GL(Af) such that 
(M, gip) is non-isoclinic. Therefore (AI, ip) and (M, gip) do not have the same 
Newton polygon, and this proves that 6m > if (AI, ip) is isoclinic. By the same 
token, we can show that 6m > if (AI, ip) is non-isoclinic of K3 type. Therefore 
6m > 0. As a result, we have 6m = 1- □ 

4-2. F-crystals of rank 2 

In this section, we compute the isomorphism number of .F-crystals of rank 
2. Without loss of generality, we can assume that the smallest Hodge slope is 
by Remark 12.21 Let e > be the other Hodge slope. If e = 0, then the 
isomorphism number is zero by Proposition 12.91 Thus we assume that e > 0. 

Proof of Theorem \l-4\ Let A2 be the other Newton slope of (M, ip) . 

We prove (i). If (M,ip) is a direct sum of two F-crystals of rank 1, then 
each direct summand of (M, ip) is an F-crystal whose Hodge polygon and New- 
ton polygon coincide. Therefore, the Hodge and Newton slopes of each direct 
summand are equal. Hence Ai = e% = and A2 = ei = e. By Corollary 12.111 
we have n m = 1- 

We prove (ii) . If (M, ip) is not a direct sum of two F-crystals of rank 1 and 
is isoclinic, then Ai = A2 = e/2. By Theorem 11.21 we have Um < e. As Im > e 
by Proposition ^. A\ we have um = £m — e by Theorem 12. 3\ as desired. 

We prove (iii). If (M,ip) is not a direct sum of two F-crystals of rank 1 
and is non-isoclinic, then the Newton slopes Ai < A2 are both positive integers. 
Indeed, if either Ai or A2 is not an integer, say Ai = c/d ^ Z (in reduced form), 
then d must be 2 as the number of times that Ai = c/d appears as a Newton 
slope is a multiple of d. As there are only two Newton slopes, we know that 
Ai = A2 G Z + 1/2. This contradicts to the fact that (M, ip) is non-isoclinic. If 
\\ = 0, then A 2 = e which implies that (M, ip) is a direct sum of two F-crystals 
of rank 1. This is a contradiction again! 
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Now we assume that < Ai < A2 are both integers. There exists a VK-basis 

(p Xl u \ 
q a 2 ) where u is a unit 

in W . By solving equations of the form (p(z) — p Xl z and (f(z) — p X2 z, we find 
a A -basis B 2 = {yi = X\,y2 = vx\ + p Xl x 2 } of M[l/p] with v a unit in W 
such that a(v) + u = p x ^ Xl v. As in Section |2~2"T21 the set B 1 ® B{ is a VF-basis 
of End(M) and hence a A -basis of End(Af [1/p]); the set B 2 ® B% is another 
i^o-basis of End(M[l/p]). As f(yi) — p Xl yi and ^(2/2) = P X2 y2, we have 

<f{V2 <8> 2/1*) = p X2 ~ Xl y2 ® y x , y(yi ® y?) = yi ® y x , 

y(y2 ® y 2 ) = y2 ® y2> v(yi ® vl) = p Xl ~ X2 yi ® y 2 - 

Therefore, we have found Ao-bases for 

L+ = (y 2 ® vViko, L = {yi®yl,yi®yl)K , L- = {y x ®yl) Ka . 

We compute the change of basis matrix from B\ ® B\ to B2 ® B\ as follows: 



yi e 




= X\ ® x* - 


<j{v) 

pM 


8> ^21 




y2 i 




= vxi x\ 


+ p Xl x 2 t 


i>a^ - 


; X\ ®X 2 — <7(V)X 2 ® X 2 , 


yi <i 


iy*2 


1 

= — r- X\ ® 


* 




V2 i 


5y 2 * 


V 

= — r-ari ® 


^2 + ^2 8 







It is easy to see that p Xl y t <g> y- e End(M) \ pEnd(M) for i,j e {1, 2}. We get 
that 

(a) 0+ = (p Xl y 2 ®yi)w, 

(b) A := {p x i yi ® y\,p Xl y 2 ® y 2 )w C O is a lattice; 

(c) 0_ = (p Al yi ®y2)w- 

Therefore, 0+ © A © (9_ is a sublattice of O. The change of basis matrix from 

{p Xl yi ® yl,p Xl y2 ® yl,p Xl yi ® y 2 ,P Xl V2 ® y* 2 } to B x ® b; is 



/ 




pAi^ 





°\ 







p2A x 










-cr(w) 


— a(v)v 


1 




V 





-p Xl o{v) 





p A 7 



To find a upper bound for Em, we compute the inverse of A: 





( p Xi 


— V 





\ 


1 





1 










o-(w)p Al 


cr(v)i> 




„pAi w 




V 


a(v) 








Thus the smallest number E such that all entries of p e A 1 £ W is 2Ai. Hence 
< 2Ai. By Theorem 12.31 we have jim < 2Ai. □ 
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5. Quasi-special ^-crystals 

Lemma 5.1. In Definition \1.5\ of isoclinic quasi-special F-crystals, the non- 
negative number s must equal to the sum of all Hodge slopes. 

Proof. Consider the iterate (M, ip r /p s ); its Hodge polygon is a straight line of 
slope 0. By Lemma [2.101 we know that there is a VK-basis {vi,V2, . . . ,v r } of 
M such that (f r / p s )(vi) = Vi and thus <p r (vi) — p s Vi for i = 1,2, ... . By the 
Dieudonne-Manin classification of F-crystals up to isogeny, we know that every 
Newton slope must be equal to s/r. The sum of all Hodge slopes, which is equal 
to the sum of all Newton slopes, is equal to J2 r s l r = s - ^ 

Lemma 5.2. // (M, (p) is an isoclinic quasi-special F '-crystal, then 
n M = max{(5 M (j) \ j = 1,2,..., r}. 

Proof. As (M, ip) is isoclinic, we have Um = (-M by Theorem l2.3l By definition, 
we have ip r (M) = p s M. This means that ckmM = Pm(t) = s. In addition, for 
all j G Z >0 , we have a M (r + j) = a M {j) + s and /3 M (r + j) = Pm{]) + s, thus 
5hi{r + j) = S(j). Hence by Proposition 12.41 the Lemma follows from: 

n M = £ M = max{<S M (j) | j G Z >0 } = max{<5 M (j) \ j = 1,2, . . . ,r}. □ 

Proof of Theorem \1.6[ Let (M, (p) = ip{) be a finite direct sum of 

isoclinic quasi-special F-crystals (Mi,ipi). We first prove the theorem for each 
(Mi, ipi). For i = 1, 2, . . . , t, let r, be the rank of M,, Si the sum of all Hodge 
slopes of (Mi, tfi), and the largest Hodge slope of (Mi, ipi). By Lemma EH 
we have 

n Mi = max{<5 Ms (1), S Mi (2), . . . , 5 Mi (n)}- 

For each 1 < j < r,, we have «m ; (j) > and /3m ; (j) < Si. Therefore Smi (j) < 
and thus UM t < Si. To show that riMj < ne\: — Sj, we consider the F-crystal 

(M* ,p Cr i ipi). It is an isoclinic quasi-special F-crystal whose isomorphism num- 
ber is equal to the isomorphism number of (Mi, ipi) by Remark 13.21 The sum of 

all Hodge slopes of (M* , p er * ipi) is equal to r^ef^ — Si. By using the same type 
of argument as before, we get that nM; = ?^m* < ^i^rl — s;- Therefore, we have 
proved the theorem for each isoclinic quasi-special F-crystal (Mi,ipi), namely 

n M , < min{s J ,rje^ ) - sj. (13) 

Now we prove the theorem for (M, (p). By Proposition 12. 7\ we have um < 
ma,x{l, n Mt ,n Mt +n Mj -I \ i,j G I,i^j} < max{l, n Mi +n Mj \ i,j G I,i ^ j}. 
By (H"3l) . we have 

tim < max{l,min{sj + Sj,rie^ + rje£r - Sj - s^} | i,j G /,« ^ j}- 
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As X)I=i s i = s > we have Sj + Sj < s. For any 1 < I < i, as e r ^ < e r and 
s; < nel, < ne r , we have 

t 

r<eW + r^-eW + ^ s; < r;e r + r,-e r + 2J ne r = ne r = re r . 

1=1 

Use this estimate, we get 

t 

r, e W + r-j-eW - s. ( - s,- = foe^ + r,-e£») + ^ sj) - si < re r - s. 

2=1 

Thus riM < max{l, min{s, re r — s}}. If min{s,re r — s} = 0, then either s = 
or re r = s. In both cases, the Hodge polygon of (M, </?) is a straight line. By 
Proposition 12. 9[ we know that njvf = 0. Therefore njvf < min{s,re r — s} as 
desired. □ 

Example 5.3. Let (M,<p) be a quasi-special ^-crystal such that s — e r . We 
claim that tim = min{s, re r — s}. Indeed, if r = 1, then (M, y>) is an iso- 
clinic ordinary _F-crystal. In this case, the isomorphism number njvf = = 
min{s, re r — s}. If r > 1, then min{s, re r — s} = e r . By Lemma 15.21 we know 
that riM > <5m(1) = er- Therefore Um = &r- 

Remark 5.4. 

1. If (M, if) is a quasi-special Dieudonne module with dimension d and 
codimension c, then e r = 1 and s = d. By Theorem II. 6[ we have 
njvf < min{c, d}. This recovers [lj, Theorem 1.5.2]. 

2. Theorem 11.61 is not optimal in general. For example, if (M, tp) is a quasi- 
special _F-crystal of K3 type, then by Theorem ll.31 um < 2. On the other 
hand, Theorem 11.61 asserts that um < f. 



Let {wi, Da, ... , w r } be a VF-basis of M. Let 7r be an arbitrary permutation of 
the set {1,2,..., r}. Let e := {ei < e2 < • • • < e r } be a sequence of non-negative 
integers. The F-crystal (M,ip^ je ) is defined by the rule (p w<e (vi) = P ei v n u) for 
all 1 < i < r. Clearly the Hodge slopes of (M, <p nje ) are ei,e%,...,e r . 

Definition 5.5. An F-crystal (M,ip) is called permutational (resp. cyclic) if 
there is a non-trivial permutation (resp. cycle) ir such that [M, tp) is isomorphic 
to (M, (fin^e) where e := {e\ < e 2 < ■ ■ ■ < e r } are the Hodge slopes of (M, ip). 

Remark 5.6. 



1. If (M, if) is permutational, then (M,ip) is quasi-special. See [14j, Lemma 
4.2.4(a)] for a proof of the same result for p-divisible groups. 

2. If (M, tp) is cyclic of rank r, then ip r (M) — p s M where s is the sum of all 
Hodge slopes. Hence (M, ip) is isoclinic with unique Newton slope equal 
to s/r. 



18 



We turn our attention to the isomorphism number of permutational F- 
crystals. By Propositions 12.41 and 12.51 given an explicit formula of ip in terms 
of a permutation, it is not hard to compute um of a permutational F-crystal. 
In the next proposition, we study the maximal possible value of um if we only 
know the Hodge slopes of (M, ip) without knowing an explicit formula of if. 

Lemma 5.7. Let e\ < 62 < • • • < e r be integers. Fix j € {1,2, ... , [r/2\}. For 
any si, S2, . . . , Sj, t\,t2, • • • , tj e {1, 2, . . . , r} such that 

(a) s\, S2, . . . , Sj are distinct and t\, ti, . . . , tj are distinct; 

(b) e tl < e t2 < ■ ■ ■ < e t] and e Sj < e Si _ 1 < ■■■ <e Sl ; 

(c) a := e tl + e t2 H h e tj < e Sl + e S2 H h e Sj =: (5; 

we have /3 - a < Yli=i( e r-i+i ~ e i)- 

Proof. As et 1 < a < f3 < e Sx , we can define / G {1, 2, . . . , j} to be the largest 
number such that et, < e Sl . Therefore, we have 

etx < e t2 < • • • e t , < e Si < • • • < e S2 < e Sl . 

It is easy to see that e Si — < e r _.;+i — e; for all 1 < i < i. If / < j, we have 
e si — e ti < < e r _i+i — for all I < i < j. To conclude the proof, we just have 
to sum up the inequalities e Si — et i < e r _i+i — for all 1 < z < j. □ 

Proposition 5.8. Let (M, </?) fee o permutational F -crystal with Hodge slopes 
e = {ei < e2 < • • • < e r }. Then the following inequality holds 

Lr/2j 

< (e r -i+i - e^. (14) 

i=l 

Furthermore, the inequality is optimal in the sense that for every choice of Hodge 
slopes e\, e<x, . . . , e r , there is a permutational F-crystal such that (TT4"|) is an 
equality. 

Proof. We first prove the inequality for cyclic F-crystals. Let ir be a cycle such 
that (M, (p) = (M, (fin^e)- Since every cyclic F-crystal is an isoclinic quasi-special 
F-crystal by the second part of Remark 15.61 the isomorphism number um of 
(M, (p) is max{<5M(j) | j = 1, 2, . . . , r} by Lemma |5T2"1 For each j € {1, 2, ... , r}, 
the Hodge slopes of (M, tp- 7 ) are 

j— 1 3-1 J-i 

j=0 -i=0 i=0 

Then Sm(J) ^ s t ne difference between the maximum number, that is /?m(j), 
and the minimum number, that is q;m(j), from the above list. For each j e 
{1,2, ...,r}, we claim that 5mU) — ^u{ r ~ ])■ Indeed, this can be easily 
checked by observing that the Hodge slopes of (M, l p r ~-' ) are 

3-1 3-1 3-1 

1=0 i=0 i=0 
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with s = Yh=i e i- Therefore n M = max{<S M (j) \j = 1,2,..., |r/2j }. 

Applying Lemma 15.71 to /3 — /3m (i) & n d a = au(j)i we have for all j G 
{l,2,...,[r/2\}, 

Lr/2j 
i=l 

This proves the proposition for cyclic F-crystals. Let 7r = (1,2,..., r), so tim = 

^A/(L r /2j) = Yli=i 2 ( e r-i+i — 6^). This shows that the inequality (fT4|) can be 
an equality for any choice of Hodge slopes in the cyclic F-crystal case. 

If (M, ip) = [M, ip-x^e) is a permutational _F-crystal for some non-trivial per- 
mutation 7r, then (M, ip) is a finite direct sum of (possibly) two or more cyclic 
F-crystals, say (M, ip) = (& ie j(Mi,ipi). As ir is non-trivial, we know that 
n Mi > 1 for some i. 

Applying the (proved) conclusion of Proposition 15. 81 to the cyclic F-crystals 
(Mi, ipi), we deduce that 

in/2} 

n Mi < E(4?-H-i-«f°) 
i=i 

where < < ••• < er' are the Hodge slopes of (Mj,<pj) and are the 
rank of Mj for all i £ I. Applying Lemma 15.71 to /3 — Yli=i e r -i+i ancl 
a — Yli=i e i ! we have 

Lfi/2J L''/2J 

f»M, < /3 - a < 2J (&r-/+i - ej) < (e r -i+i - e/). 

Proposition 12 . 71 implies that um < max{l, njvfj, nj\ti + ^at — 1 I G i ^ i}, 
so to prove Proposition 15.81 in general, it suffices to show that 



Lr/2j 

+ n Mj - 1 < E (er-i+i - ej). (15) 

For i, j G /, i ^ j, we compute that 

Ln/2j |r 3 72j Ln/2J K72J 

n Mi +n^-K(E e n-w+ E e ?-m) ~ ( E ^ + E ^ ( 16 ) 
i=i i=i i=i i=i 

By Lemma [5~7l letting 

|r«/2J L^/2j Ln/2J Vr 3 /2\ 

p= E E and «= E E ^ 

z=i /=i ;=i i=i 

we have 

Lr 1 /2j + Lr J /2j |r/2j 

p-a< Y, (e-,-et,)< 5Z(er-i+i-ei)- (17) 
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The last inequality is true because \ji/2\ + [rj/2\ < [r/2\. Now (fT5j) is clear 
by (fT6l) and (ITTl) . which completes the proof of Proposition [5T8] □ 

Remark 5.9. If (M, ip) is a direct sum of two or more cyclic F-crystals, then 
riM < l^iJi \e r -i+i - ei)- 
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